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WEIERSTRASS' THEOREM AND KNESER'S THEOREM 

ON TRANSVERSALS FOR THE MOST GENERAL CASE 

OF AN EXTREMUM OF A SIMPLE DEFINITE INTEGRAL* 

BY 
OSKAK BOLZA 

Introductiort. 
Let 

(1) y = Y{x,d) 

denote a one-parameter set of extremals for the integral 

J= I F{x, y, y')dx, 

passing through a fixed point {^, v) ^id furnishing a field about an arc 6,, of 
the particular extremal a ^ a^, and let 

«= a(x, y) 
denote the inverse function of the field, obtained by solving (1) with respect to a. 
Further, let the function W(x, y) he defined by the two equations 

U{x,a)= f f{x,Y,Y')dx, 

W{x, y)= U(x, a), 

so that the function W(x, y) — which we will call the field integral — represents 
the value of the integral J taken from the fixed point (|, »?) to an arbitrary 
point ( 05, 2/) of the field along the unique extremal of the field passing through 
the point (x, y). 

Then the following two fundamental formulas hold for the partial derivatives 
of the field integral : f 

(2) 

* Presented to the Society at the New Haven summer meeting September 4, 1906. Eeceived 
for publication May 11, 1906. 

t See, for Instance, Bolza, Lectures on the Calculus of Variations, p. 266. 

Trans, Am. Math. Soc. 31 459 
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where p := p(^x, y^ is the slope of the extremal of the field passing through 
( ic , 2/ ) , at that point : 

I>{'^-< y)= ^'{^^ a)- 

We shall call these formulas Hamilton's Formulas, because they have first 
been given by Hamilton* as early as 1835, even for a much more general case. 

From Hamilton's formulas follow immediately : on the one hand " Weier 
strass' theorem" -f 

AJ= I Fdx, 



'Xf, 



by means of " Weierstrass' construction " ; on the other hand " Beltrami- 
Hilbert's independence theorem" % which states that the expression 

(3) [/(«, 2/, P)-Pfy'{x, y, p)] dx +f,y{x, y, j))dy 

is a complete differential if the slope-function j)(x, y) is substituted for j) . 

When one attempts to extend Hamilton's formulas and the allied theory 
from the particular case of a set of extremals through a fixed point to the case 
of any set of extremals, one meets at once with a difficulty. It is, in this case, 
not a priori clear from what point as lower limit the integral W should be taken 
on the different extremals of the set. This difficulty has been removed by 
Kneser as follows: § He first takes the integral W(x, ?/) from an arbitrary but 
fixed curve 2^ drawn across the field and computes the partial derivatives of TF; it 
turns out that they differ from the simple expressions (2) only by an additional 
term in the expression of d W/dy. And then he so determines the curve X that 
this additional term vanishes. He finds as solution of this problem — which 
we shall call '■'■ Kneser s Problem" — the result that the curve T must be a 
" transversal " to the set of extremals forming the field. Closely connected with 
this result is " Kneser'' s Theorem on Transversals." \\ 

Hamilton's formulas being thus extended to any set of extremals, the cor- 
responding extension of Weierstrass' theorem on the one hand, and of Bel- 
trami-Hilbert's independence theorem on the other hand follow easily. 

* Philosophical Transactions, 1X35, part I, p. 77. 

t Wkiersteass, Berlin Leiiures, 1879; see, for instance, Osgood, Annals of Mathe- 
matics, ser. 2, vol. 2 (1901). p. li.'i, and Bolza, Lectures, pp. 87. 266. 

j The theorem was first given, independently of Hamilton's formulas, by Beltkami in a 
paper on geodesies, Sulla ieoriia delle linee (leodtiivlie, published in 1868 (Kendiconti del Reale 
Istituto Lombardo, ser. 2, vol. 1, pp. 708-718, also Opere, vol. 1, pp. 366-373). This im- 
portant paper seems to have remained unnoticed until quite recently (my own attention has been 
called to it by Professor Knbsbib). The theorem was rediscovered thirty years later by Hiluert 
who made it the basis of his well-known proof of Weierstrass' theorem (see Giittinger 
Nachrichten, 1900, pp. 2.53-297, and Archiv tiir Mathematik und Physik, ser. 3, vol. 
1(1901), p. 231.) 

8 See Kneser, Lehrbnch der Vurialionsreclmung, ? 15, and Osgood, 1. c, p. 119. 

II See Kneser, Lehrbuch, p. 48, and Bolza, Lectures, I 33. 
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A second method for the extension of Weierstrass' theorem to any set of 
extremals has been given by Hilbert.* Instead of starting from the integral 
W, he starts from the differential expression (3) with an arbitrary function p 
of X and y, and proposes so to determine the function p that the expression (3) 
becomes a complete differential. He finds as solution of this problem — which 
we shall call (according to A. Mayer) '■'■Hilhert's Problem" — the slope-function 

P= ^' (x, a), 

derived from any set of extremals, and bases on this result a new proof of 
Weierstrass' theorem by means of his Invariant Integral. 

Hilbert's theory has recently been extended by A. Mayer f to the so-called 
most general case of an extremum of a simple definite integral, in which it is 
required to minimize an integral of the form 

(4) '^^ I /("'' 2/i' •••' ^n? 2/i' •••' yD^^'' 

Jxo 

involving n unknown functions y^, • • ■ , y^ oi x and their first derivatives 
y[, • ■ • , 2/' , connected by r < a differential equations 

(5) /pC^'.Z/n •••'2/„; 2/^ •••'2/l) = (P = l, 2, •••,»•) 

Mayer finds the remarkable result that for « > 1 not all, but only a certain 
class of w-parametrie sets of extremals, furnish solutions of Hilbert's problem, 
and derives from his results a proof of Weierstrass' theorem by means of 
Hilbert's invariant integral. 

In the present paper, which has developed out of the study of Professor 
Mayer's memoirs, I propose to give an analogous extension, to the same general 
case, of Weierstrass' original theory and of Knesers theory as sketched 
above. 

I have endeavored to reach in the discussion of the general ease the same 
degree of rigor which has been attained for the simplest type of problems. For 
this purpose, I make use of certain existence-theorems concerning implicit func- 
tions and systems of differential equations, which extend the results, usually given 
for the vicinity of a point, to the vicinity of a point set; these auxiliary theorems 
are given in § § 1 and 2. 



*See the references to Hilbert's papers on p. 460, third footnote; compare also Osgood, 
loc. cit., p. 121, and Bolza, Lectures, § 21. 

f Ueber den Hilhert' schen Unabhdngigkeitssatz in der Theorie des Maximums und Minimums 
der einfaclien Integrate, Leipziger Berichte, 1903, pp. 131-145; 1905, pp. 49-67 and 1905, 
pp. 313-314. We shall refer to these papers as " Mayee, I, II, III." 

HiLBEET himself has given a geometrical proof of the generalized independence theorem for 
the case r ^= 0, in which he reduces the case /* to the case « — 1 ; see his paper, Zur Variations- 
reclmiing, Gottinger Nachrichten, February, 1905. 
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In § 3 follows a short sketch of the reduction of Euler-Lageange's differen- 
tial equations to a canonical system, in §§ 4 and 5 the proof of Weierstrass' 
theorem for a set of extremals through a fixed point, based upon a combination 
of Hamilton's formulas and Weierstrass' construction. 

In §§ 6 and 7 the extension of Kneser's theory is given, and finally § 8 con- 
tains the application to Weierstrass' theorem for Mayer's class of w-para^ 
metric sets of extremals. 

§ 1. Auxiliary theorems concerning implicit functions. 

For brevity I shall say that a function f{x^, • • • , a;^ ) , which is defined in * a 
region I A, is of class C'^' in A, when the function y itself and its partial 
derivatives up to the pth order (inclusive) exist and are continuous in * A 
(if necessary, after a proper extension J of the definition of the function 
f{x^, •■■, x^) beyond the region A). Further I shall say that a point 
(x) = (Xj, • • •, a;^) lies in ^Hhe vicinity (/a) of a point set M" defined in the 
(tc, , •••,«„) space, if it lies in the vicinity (/a) of at least one point of M, 
i. e., if there exists a point (xp • • •, x^) of M such that 

I «! — «1 I < P , • • • , I «„ — xj < /3 . 

The vicinity (/a) of the set M thus defined will be denoted by {p)jii. 

The following theorem holds : 

Lemma I. Let the Junctions /\(^Xj, • ■ • , x^) he of class C in a region A ; 
let further C he a hounded^ closed \\ point set in the interior^ of A which ?ias 
the property that any two distinct points (x'), (x') of C are transformed into 
two distinct points (■**'), (w") hy the transformation 

(6) Mi=/i(a;i, ••■.«;„) (» = ], 2, ■•■,«). 

If then the Jacohian 



* in signifies at all points of. 

1 1 use the word "region " for a point set wbich contains "inner" points, in accordance with 
Bliss, Annals of Mathematics, ser. 2, vol. 6 (1905), p. 49. 

X This additional clause is necessary if we wish to cover the case where the region A contains 
also "boundary points," because the derivative of a function, as usually defined, has a meaning 
only for inner points of the region in which the function is defined. 

§ "Borne" (Jordan). 

II " Abgeschlossen " (Cantob). 

Tf I. e., every point of C is an "inner" point of A. 
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is different from zero in* C, a vicinity {p)o contained in the interior q/ A can 
be assigned such that 

1) the transformation (6) defines a one-to-one correspondence between the 
point set {p)c and its image S^ in the (^u)-space; 

2) the set S^ is made up exclusively of inner points ; 

3) the inverse functions 

thus defined for S^ are of class C in S^. 

The proof of the theorem is based upon a slight modification of the method 
by which I have proved a special case of the theorem in § 34 of my Lectures on 
the Calculus of Variations ; for the details I refer to my note, Ein Satz iiber 
eindeutige Abbildung und seine Anwendung in der Variationsrechnung, in one 
of the forthcoming numbers of the Mathematische Annalen. 

If we denote by E the image of C in the (tt)-space, it follows that we can 
assign a second positive quantity cr such that (cr)^ is contained in S . Hence 
we have the 

Corollary: Eor every point (u) in (o")e the equations (6) have one and 
but one solution (x) in {p)o. 

This remark leads to the following 

Lemma II. f If the functions f{x^, ■ • ■, x^; y^^ ' " •» 2/„) '^''^ 'f class C 
in a region A in the (a;, y)-space and if the n equations 

0) /iCa'i' •••'«'„; 2/i' •• -'2/,,) = (i = l,2, •••, h), 

are fulfilled for all the points of a point set C of the following properties : 

1) the set is bounded and closed, and lies in the interior of A ; 

2) if (a?', y), and («", y") are two distinct points of C, then always 
(a;')=t= (x); 

3) the Jacob ian 

^(2/i' •••'2/») 
is different from zero in C y 

then, ifS. denote the ^'^ projection" \ ofC into the {x)-space, two positive quan- 
tities p (first) and a (second) can be assigned such that 



*I. e., at every point of C. 

t This is an extension of the ordinary theorem on implicit functions which refers to the solu- 
tion of a system of equations in the vicinity of a point, see Gbnoochi-Pbano, Differentialreehnung 
und Grundziige der Integralrechnung, nos. 110-117; Jordan, Cours d' Analyse, vol. 1, nos. 91, 92 ; 
Osgood, Lehrbuch der Functioneniheorie, vol. 1, pp. 47-55. 

{The projection of the point {x'l, ■■-, x'm, y\, •■•, y'n) into the (x)-8pace is the point 

( 3Ci, • ■ ■ , Xm}' 
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1) ybr every (x) in {<t\ there exists one and but one solution (y) of the 
equations (l)for which (x, y) lies in {p)c; 

2) tTie corresponding implicit Junctions 

are oj" class C in (o')^. 

To prove lemma II apply lemma I to the system of equations 

Ws = «'a, W™+,-=/-(a'i' •••'a',„;2/i' •••'2/„) (A = l. 2, •••, m; i = l, 2, •••,»), 

and put afterwards u^^^ = . 

§ 2. An existence theorem for systems of ordinary differential equations. 
We consider a system of n differential equations 

dor 

(8) ^ = f^^t,x„---,xj {Jc = l,2,--.,n), 

in which the functions y^ are continuous in a region A and admit continuous 
first partial derivatives with respect to ai^ , • • • , «^ in the interior of A . 

Then if ^(t, f^, • • •, ^^) is a point in the interior of the region A, there 
exists, according to Caxjchy's existence theorem, a unique solution of (8) which 
passes through the point A and which is of class C in the vicinity of i = t. 
We denote * it by 

so that 

Under these circumstances the following theorem holds : 
Lemma III. Let 

(9) «^, = K{t), t.^t^t, 

he a solution of (8) which lies in the interior of the region A ; let t„ he a 
particular value oftin the interval {t^t^) and put 

Then three positive quantities d, e^, e^ can he assigned such that for every 
point ^ (t, fj , • • • , f^) for which 

K-^ol = <^' \^h—^l\^^ (fc = l,2, ■■•,n), 

the solution 

(10) ^', = Uf> r,^„...,U 

* I adopt the notation of Bliss in his article, The solutiana of differential equations of the first 
order as functions of their initial values, Annals of Mathematics, ser. 2, vol. 6 (1905), pp. 
49-68. To the same article the reader is referred for the literature of the subject. 
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exists, is of class C and lies in the interior of A for every t in the interval 



^a ~ % 



t^t^ + ej. 



^or T = T(j, ^1 = IJ, . . ., ^^ = IIJ, the solution (10) coincides with the solu- 
tion (9) : 

Mf^ ^o^l%---^ll)^<{t), in{t,t,). 

For analytic functions _/j. the theorem has been given, in a slightly different 
form, by Kneser in his Lehrhuch der Variationsrechnung (§ 27), for non- 
analytic functions by A. C. LuNN in his Thesis (Chicago, 1904), as yet unpub- 
lished. On account of the importance of the theorem for the Calculus of 
Variations, I add here still another proof : 

Since the solution (10) is supposed to lie in the interior of the region A , it 
can be "continued"* beyond the interval (i,,^,) to a slightly larger interval 
(^0 — ^0' ^1 + ^i) without leaving the interior of A, and without ceasing to be of 
class C . From theorems on continuous functions it follows then that we can 
assign a positive quantity a such that the domain [cr] defined by the inequalities 



[^]: 



<o-«o 



t^t, + e^, 



-xl{t)\S(7 (A: = l, 2, •••,«), 



still lies in the interior of A . In this domain [ o- ] the functions f^^ are con- 
tinuous and satisfy Lipschitz's condition f 



(11) l/.l^*!' •••'<)-/*(«'<' •••'OI<^Z 






(/fc = l,2, 



n), 



with a certain value of the constant K. 

We now coordinate with every point (i, aSj, • • •, a; J of the domain 



«o-«o 



t = t^-\-e^, — 00 < a;,^ < -|- 00 (A: = l,2, 

a point (i, Xj, • • •, a;^) of [cr] by means of the following definition : 

' x^ when ^^i{t) — o" = x. =x\(^t) + <t, 



'), 



X. = -f 



,.0 / 



when 
when 



X^>x\{t)+<T, 

x\(^t) — CT when x^<ix\{t) — o" , 

and define \ the functions /^{t, x^, • • ■ , xf) for the domain A by the equation 

/*(*' *i' ■■■'*«) =./;A^' '^i' ■ ■ ■ ' *«)• 

* Compare Bliss, loc. cit., p. 52. 

t Compare Bliss, loo. cit., p. 50, footnote, and p. 60, footnote. 

X The definition of fn admits of a simple geometrical interpretation in the case » ^ 1 , if the 
value of /i is represented by a third coordinate perpendicular to the [t, x )-plane. 
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From this definition it follows easily that the functions f^ are continuous in the 
domain A ; moreover there exists a positive quantity Q such that 

and finally the functions _/)^ satisfy LiPSCHiTz's condition in A with the same 
value of the constant ^ which occurs in (11). 

Hence follows, according to Cauchy's existence theorem : If 

*o - «n = ■^ = «i + «i 
and if f J , ■ • ■ , 1^ is any system of values, the system of differential equation, 

(12) -;^=A(^3'i' ■■■'»',.) (fc = i, 2, ■••,»), 

has a unique solution passing through the point ^(t, fj, • • • , J^) : 

and this solution exists and is of class C throughout the whole* interval 

(«o-«o'*i +ei)- 

Moreover it follows from Peano's inequality f that 

(13) 

On the other hand it follows from the definition of the functions /"^ that every 
solution of (12), which lies wholly in [cr] , satisfies at the same time (8), and 
vice versa. Hence we infer in the first place that the solution 

of (8) — which coincides with the solution (9) since both pass through the point 

(t^, ^',', ■ • • , ^l) — satisfies also (12) ; therefore we have 

It follows now from (13) that if we take the positive quantity d sufficiently 
small and choose t and ^,, so that 

(14) \r-T^\^d, \^^-^l\^d (fc = l,2,---,n), 

the solution 

of (12) lies in [^al and satisfies therefore at the same time (8), and since it satis- 

*Compare Picard, Traiie d'Analyse, vol. 3 (ed. 1896), p. 91. 
t Compare Bliss, loe. cit., pp. .55 and fi2. 
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fies the same initial conditions as (10), the two solutions must be identical ; 
hence also the solution (10) exists, is of class C and lies in the interior of A 
for every t in the interval {t^ — e^,, ^^ + e^), if the condition (14) is satisfied, 
Q.E.D.' 

From the general existence theorems* for differential equations it follows 
further that the functions 

considered as functions of their n -\- 2 arguments are continuous together with 
the derivatives 



dt ' 








dtdr' dtd^. 


throughout the domain 










«o-eo = « = «, + e., 


k' 


-^0 


\^d. 


\l-^l\^d 


and that the Jacobian 


c 


K<Pi 


» <^2 ' • • 


■Jj^n) 



is different from zero throughout the same domain. 

§ 3. The differential equations of the problem and their general integral. 

After these preliminaries we turn to the problem stated in the introduction. 

We suppose the functions f, f, • • • , y^ to be of class C" in a certain region 
T of the («, 2/;, • • •, ?/j^, 2/[, ■ ■ •, y^J-space. According to Euler-Lagrange's 
rulef we set 

where the X's are unknown functions of x , and write for brevity 
dn dD, ^^ _ ^ 

We start in our developments from the assumption that we have found a solu- 
tion 

(16) 2/, = 2/;(x), \^ = \^{x), X^^X^X^ (i=.l,2, •■•,n; p = l,2, --^r) 



* Compare Bliss, loo. cit., pp. 61, 63, 67. 

fCompare A. Mayer, Mathematische Annalen, vol. 26 (1886), p. 74, and Lelpziger 
Berichte, 1895, p. 129; Tubksma, Mathematische Aunalen, vol. 47(1896), p. 33; 
Kneser, Lehrbuch der Varialionsrechnung, ^ 56-58 ; Hahn, Monatshef te fur Mathematik 
und Physik, vol. 14 (1903), p. 326; Hilbbet, Gottinger Nachrichten (1905), p. 1; 
compare also Kneser's article in the Encydopxdie, IIA, p. 579, 580. 



468 O. BOLZA : EXTENSION OF WEIEKSTKASS' THEOREM [October 

of Euler-Lagrange's differential equations, i. e., of the system oi n + r dif- 
ferential equations 

(^) "^-^"'•+'=^' ■^^ = ^ (i = l,2,.-.,«;p = l,2,..-,r), 

of the following properties : 

A) the functions 2/i(«) are of class C", the functions \(a;) of class C in 
the interval {^x^x^. 

B) the curve 

in the ( x , ?/j , ■ • •■, y^^, y[, • ■ ■ i y'„ )-space lies in the interior of the region T . 

C) the Jacohian 

D(x,y„...,y ; y\,---,y'; \, ■ ■ -^X ) = ^^^'~-''-^^^''^'^^ 
is different from zero along the solution (16), i. e., 

i>[x, 2/j(a;), •••; y\{x), •■■; \{x), •■■^ =J= 

throughout the interval (^x^xf). 

With the system (I) is associated a " canonical system " * of differential equa- 
tions which is obtained as follows : 

We apply lemma II to the problem of solving the n + r equations f 

(1'^) ^„+i(a''2/i' •••; y'x-> ■■■' \' •••) = «;; fp(x,y^, ■■•; y[, •••) = 
with respect to 

y'l^ ••■' 2/1' \' •■•' \- 

To the region A of the lemma corresponds in the present case the region 

(x, y^, • ■ ■ , y„,y[, ■ ■ ■, y'J m T ; — » <Xp< -f oo; — oo <«. < + oo, 
and to the point set C the curve 

(18) 2/; = y^ix), y'. = y'iix), \ = \{x), v, = v,{x), x^^xS x^, 
where v^(^x) is defined by 

(19) vXx) = fl„^, [a;,2/,(a;), •■•; y[{x), •••; X,(a;), •••]. 

On account of our assumptions A), B), C) the curve (18) satisfies all the con- 



* Compare Kneskb's article in the Encyclopsedie, IIA, pp. 584-586 and the references there 
given ; also Jobdan, Ceurs d' Analyse, vol. 3, no. 375, and A. Mayer's papers referred to in 
the introduction and his paper in vol. 69 of the Journal fiir Mathematik, p. 240; we 
adopt, as far as possible, Mayer's notation. 

t Here and in the sequel the index i ( and likewise j , k) is always understood to run from 1 
to n, the index p from 1 to r. 
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ditions required by the lemma. Hence there exist two positive quantities e, B, 
such that for every x, y, ■ ■ -, y^, v^, • • •, -y^ in the vicinity (S) of the curve 

(20) y. = y.{x), v^ = v^{x), x^^x^x^, 

the equations (17) admit one and but one solution yl, ■ ■ •, y^, ^i, •• ■•, \ for 
which the point 

(x, Vi, ■■■>y,,,y[, ■•■, y'n-' \' •••' \'«i» •■•''"n) 

lies in the vicinity (e) of the curve (17). We denote this solution by 
so that, identically in (S), 



/22\ ^»+i('*'' 2/]' •••; '*^i5 • ■ 

and the system of values x, y^, ■ ■ ■,y^, y 
interior of the region T . In particular 



, ■ ■ • , y'^ thus obtained lies in the 



2/;(x) = ^,[a;,2/i(cc), ••■; v^{x), •••], 
(2o) 

Xp(a;) = np [x, 2/j(a3), •••; «i(a!), •••]. 

The first of these equations, combined with (19) and (I), shows that the functions 
satisfy the following system of 2n differential equations : 

dv. 

^'=a(x,y,,...,2/„; ^.,---,^„; Hj, ...,n ). 

These differential equations form a so-called canonical system. For, if we 
denote by 

H{x,y^, •••, 2/„, «!,•••,«„) 

that function of x, t/j , • • • , j/^, iJj , • • • , "^^ into which the expression 

H 2/i^»+i( a' '2/i» •••; 2/i' •••; \^ •••)-^(a'»2/i5 •••; 2/i. •••; ^5 ••■) 

is transformed by the substitution (21), i. e., 
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(24) ff{x,y„...,v„...) = Z^,%-n{x,y„...; %,■■■; U^, ■■■), 

i 

and apply the identities (22), we easily obtain the result 
d TT 

gy- = -%(a'.2/i'---; "^1' •••; n,, •••), 

dH 



5„ ='^/,Xa''2/i. •••; ».' •• 


•)■ 


Hence the system (II) may also be written 




dy. dH dv. 

^ ' dx dv. ' dx 


dH 



which is the characteristic form of a canonical system. 

On account of (21^), the expression for Hmsij also be written 

(24J H=j:v,%-f{x,y„. ..,%,...). 

i 

The functions on the right-hand side of (II) and the solution (20) of the 
canonical system (II) fulfil the conditions of lemma III. Hence we can take 
two quantities ^^ < x^ and JT, > x^ so near to x^ and £Cj respectively, and 
choose the positive quantity d so small that the following statements are true : 

Let a" be an arbitrary value of x in the interval ( ^^ X^ ) and write 

y.{a'>) = a% «,(a») = 6«; 
then if we choose 

la-a^l^d, \a.-a".\Sd, \l.-¥.\^d, 

I I " It ^ \ ' \ % 1 \ ' 

there exists a unique solution 

(25) (Xo^a;^XJ 
v^ = %^{x■, a, a^, ••-, a„ ; 6,, •••, h^) 

of the system (II) having the following properties : 

a) the functions 3)^, 33^, considered as functions of their 2m + 2 arguments, 
as well as their derivatives indicated by the operators 

d d d d d"" d"" d^ d'^ * 

dx' da' da' db' dx^da' d^a' dxdb' da? ' 

exist and are continuous throughout the domain 

(26) X„^x^X,, \a-a"\Sd, \a.-a^^d, \h.-¥.\Sd. 



*The existence and continuity of d^'§i/dx^, a^g) /dx^ follow from the fact that the functions 
on right-hand side of (II) are of class C in (<!), which is slightly more than has been assumed 
in lemma III. 
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b) they satisfy the initial conditions 

3),(a; «.,«!, •••,a„; 6,, ••.,5j = a;, 
3S.(a; a, a,, •••, a„; \, ■■■, hj = b.. 

c) the solution (25) lies in the vicinity (S) of the curve (20). 

d) for 

a = a\ «, = ««, 6,= 5« 

the solution (25) coincides with the solution (20) : 

y,ix)^Ux; a\a\,...; b%...), 

^ v,{x)^^,(x; aP,a%...; b%...). 

e) the Jacobian 

a(g).,...,2)„,%.,..-3„) 
d{a^, ■•-,«„, ^, •■■,K) 

is different from zero throughout the domain (26). 

From the solution (25) of the system (II) a corresponding solution of the 
original system (I) is immediately obtained. For, from the definition of ^. , 3?^ , 
it follows that * 

(29) _ %=^%{x, %,...; «,,•••); 
hence if we define 

(30) S^(x; a,a„...,a„; 6., • • •, 6J = H^a;, 2)^, • • -, 3)„; 3?^, • • •, S?J, 
it follows from (11^) that 

(31) »;. = ii,(«,,3)„...,3);,...,Si, •••). 

On the other hand, if in the identities (22) we replace y. and v^ by 2)^ and 33,., 
respectively, and make use of (29) and (30) we obtain : 

(32) ft„^,.(a,, D.,..., 3);, •••,«„•••) ^aSp /,(x,2)., ...,3),,.-.)=0. 
Combining these equations with (31), we obtain the result : 

The Junctions 

,„„, 2/i=9)i('«; a,a^, •••,«„; 6j,-..,6J, 

{66) 

\ = Sp(a;; a, a,, ..., a„; b^, •••, bj, 

satisfy Euler-Lagrange^ s differential equations (I) throughout the domain 

m 

*The accent always denotes differentiation with respect to x, even when other variables are 
present. 
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§ 4. Hamilton's Principal Function. 
We consider now the integral 

taken along the " extremal " * 

from the point whose abscissa is a to the point whose abscissa is x. 

We denote the value of this integral considered as a function of cc , « , aj , • • • , a ; 

^» •••»&„% 

or simply U, so that 

(34) U= r/(x, 3),, •■•; %,---)dx, 

or as we may also write on account of (822), (24 J and (29) : 
(34J U = rO(x, 3)^, . • ., D;, • • •, iS,,---)dx, 

tJ a 

or 

(34J ]X=r[Y:%,%-H{x, %,■■■; ^\,..-)^dx. 

•J a i 

We propose to compute the partial derivatives of U ; for this purpose the ex- 
pression (34J is most convenient.! We obtain immediately 

(B5) f^ = l:%Wi-H{'■^^^^^■■■■' as,,---)- 

Further, if we denote by a any one of the quantities «,^, 6,^: 






d 
a, 
where 

and the arguments of H, H., H^^^ are cc, 3)j, • • -, 9)„, 23,, • • •, 33„. 



*'We call extremal every set ot functions Pi, ■ ■ ■, yn ot x with which can be associated a system 
of functions \, ■ ■ ■, X^ such that the functions pi , Ap constitute a solution of ( I) . 
t With (34a) the computation is slightly more complicated. 
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Applying to the second term under the integral sign integration by parts, we 
obtain 



DM 
da 



= [r«.?!-]>r£(S(s:-^.)-t(-:-^))-- 



But the functions 3); , 33,- satisfy the system (II) ; hence the integral is zero and 
we obtain on account of (27) : 



dn 

da 



=z:«,t-z:^(t) • 

Taking successively a := a^^ h^ and making use of the relations 

(-' (t) -»•• (t) =»• 

\ k / x~a \ h / x~a 

derived from (27) by differentiation with respect to a^, &^^, we obtain the result 

We now introduce, in addition to the assumptions ^ ) , i? ) , C) of § 3 , the 
new assumption concerning the solution (16) of the original system (I) that the 
Jacobian f 



* '5,« is " Keoneckke's symbol, ' ' viz. <?» = it j + fc , (!« = !. 

t We notice incidentally that on account of (STj) the Jacobian A is (apart from the sign) 
identical with Mayse's determinant 



A(i, a) = \ 



5?)/ . . e% d% ^ d% 

5ai' '"' dan' dbi' '"' dbn 

\5«1 Jx=a' ' \d'l» J,=a' \db, A=„' ' \Bbn ) ,=a 



(i = l, 2 n), 



■which furnishes "Jacobi's criterion" for the problem under consideration [see A. Mayek, 
Journal fur Mathematik, vol. 69 (1868), p. 250]. Hence it follows that it is possible to 
choose a" so that D) is satisfied, whenever "Jacobi's condition " is fulfilled (including the end- 
point x■^ ) ; see Jordan, Cours (f Analyse, vol. 3, no. 393. 

As to the possibility of an identical vanishing of the determinant ^{x, a), compare Mayee, 
Journal fiir Mathematik, vol. 69, p. 251; Encydopxdie, IIA, p. 599 (Knesbe), p. 634 
(Zeemelo and Hahn) and the references to voN Escheeich given there. 

We also notice that the assumption D) implies that a" lies outside of the interval (a^, *i), 
since on account of (373) 

A(a°;a»,a;,---;6;)=0. 

According to its definition, a" must therefore be taken in one of the two intervals 

XoS«»<a!o, or Xi<a<'SXi. 
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^(oc^ a a ... a- h •■• b \-^ ^^' ' " ^MA 
is different from zero along the particular extremal 

®o= 2/,- = 2/i(a') = ?)i(«'; «%<'■••; ^'i' • ■•) (x.^x^x,), 

i. e., that 
D) A(x; a", «;',-••; 6% •••) =t= for x^^x^x^. 

It follows then from our lemma III* that two positive quantities h and I 
(^l = k) can be assigned such that for every point x, y^, . ■ ■, y^^m the vicinity 
(l) oi the extremal 

®o: yi = yi{^)^ x^^x^x^, 

and for every a, a^ such that 

I a — a" I < ^ , I a. — a'j I < Z, 
the w equations 

(40) 2/;= 3);(a:!; a, a^, •••, a„; 6^, •••, &J 

admit one and but one solution 6j , • • • , 6^ for which 

1 6. -5" !</(;. 
The corresponding inverse functions 

(41) 6;=33;(x,2/,, •••, 2/„: a, «;, •••, aj 
are of class C in the domain 

(42) (x,^,, •••,?/„) in (?)„„; |a-a''|<Z, j«.-a»|</: 
they satisfy in this domain the identities 

(43) 3),(a;; «,«,,.••; 33,,- ••) = ?/;• 

If we replace in U (x ; a , fflj , • • • ; 6j , • • • ) the 6/s by the function 33., the 
function U is transformed into a function oi x^ y^, ■ ■ ■, y^; a, Oj, • ■ ■, a, ; we 
denote it by 

(44) 2S(x, ?/,,•••, 2/„; a, a^, • • •, aj = ll(« ; «,«,,■■■,(?„; 33i, ■ • •, SJ. 

It represents the value of the integral J tahen along the uniquely defined 
extremal joining the two jjoints {a,a^, ■ ■ ■ , a^) and (x, y^, ■ ■ ■ ,y„), considered 
as a function of the coordinates of these two j^oints. It is identical with 



* To the point set C of the lemma corresponds here the set 
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Hamilton's Principal Function* and a generalization of Darboux's Geodesic 
Distance.^ 

From the identities (43) we obtain by differentiation the relations 

^^^> ax+^a6. ^^-"' 

where we have indicated by a stroke the substitution of 93; for h. . 

If we combine the relations (45) with the previous results (35), (38), (39), 
we obtain the following theorems due to Hamilton : * 

The partial derivatives of Hamilton' s '•'■Principal Function,'' defined hy the 
equations (34) and (44), have the following values 



(46) 





■■.y„; «n 


aas - a2B 

ay, - ^"^ da. 


= -33„ 



^l.)> 



wAere 

^k= '^ki^'> «» «i, ••••> «„; 93i, • ••, 33J. 

An immediate consequence (which we shall however not need in the sequel) is 
the well-known theorem that SB satisfies " Hamilton's partial differential 
equation" : 

asB / aas asex „^ 

§5. Weierstrass' theorem for a set ofi extremals through a fixed point. 
We now give the quantities a, a^ the special values 

a = a", a- = a". 



* Philosophical Transactions, 1835, part I, p. 99. 

t Theorie des Surfaces, vol. 2, no. 536. 

J All these results might have been taken directly from Hamilton's theory, for instance in E. 
VON Weber's presentation in his Vorlesungen ilher das Pfaf'sche Problem, art. 386. But on the 
one hand, I did not wish to presuppose Hamilton's theory, on the other hand the question of 
the inverse functions S8i requires a slightly different treatment from the Calculus of Variations 
standpoint. 

Trans. Am. Math. Soc. 33 
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and write for brevity 

3);(a;; a\ a\, •••, a^, \, ..-, 6^)==t).(a!, \, •■■, \), 
3S..(a!; a\ a\, •••, a», 6,, •••, 6„) = t).(a;, 6j, •■■, 6J, 
%(aj; a\a\, ■■■, <, 6^, ■■•, 6J = Ip(a;, 6j, •••, 6J. 

Then the equations 

(47) 2/i = t)i(a;; 6,, ••■,6J, 

in which 6j , • ■ • , &^ are considered as variable parameters, represent the set of 
extremals through the point 

x^a\y^ = a\, ■■■, 2/„ = <, 

and from what has been said in § 4 about the solution of the equations (40), it 
follows a fortiori, that for every x, i/^, • ■ -, ■t/^in the vicinity (l)^ the equations 

(47) admit one and but one solution 6j, ■ ■ •, 6, for which 1 6; — 5^ | < ^. The 
vicinity {l)is^ constitutes therefore afield of extremals about the extremal 6^. 

The corresponding inverse functions are 

6,= ©.(a;, 2/,, ■• •, y„, a% aj, ■ ■ ■, al) = h^ix, y„ ■■■,t/,J- 
Further we define 

(48) ro{x,y^, ■■■,yj = ^{x, y^, ■■■,y„; a", d[, ••■,<). 

The function it)(a5, y, , • • •, 2/„) is identical with the value of the integral t/" taken 
from the fixed point (a", a\, • • •, a°) to the point {x, y^, "'■> Vn) "^ ^^'^ ^®^'^ 
along the unique extremal of the field passing through the point (x, j/j , • • ■, y^) ; 
we shall call it the field integral. From (46) it follows that its partial deriva- 
tives have the values 

5 TO _ _ Bxo - 

(49) ^ = -i?'(a;, 2/,, •••,2/,.; »,, •••,»„), a^ = "*' 

where the stroke indicates the substitution of b,. for &,. . These expressions may 
be thrown into a different form by introducing the functions 

(50) 

For, according to (29), (30) and (32), 

r): = ^;(x,^,,.--; t),, •••), 
tp = n,(x,t)p •••; t)i, •••) 
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and therefore on replacing h^ by i^, and applying (50), we get 

Substituting finally for H its value from (24 J, we obtain the result : 

The partial derivatives of the field-integral xo have the following values: 

^ =/(a;,2/i, •••;p,'---)-E^i"n+.(a''2'i. ■••;;>,,-••;/*,• ••■)' 
(51) ^ 

Let now 

be any curve of class C which satisfies the differential equations (5) , lies in the 
field (^)g„, and passes through the two end points of @j, viz., 

AC^^o'^io' ••■'yno) and Pi(a;i,y„, •••,y„), 
where 

To this curve we can apply Weierstrass' construction. In order to fix the 
ideas we choose* a" < cc^. Then, ii ^'{x, y^, ■ ■ ■, p^) is any point of ©, we 
draw the unique extremal ® of the field from P° to I' and consider the function 

We have then, in the usual manner, 

AJ'= J^-J,^ = -l Six,) - S{x,)1. 
But 

J,{r>-P)^X0lx,yix),...,y„{x)], 



^f(-P^i) = J^ /[a^' Vii^)^---^ y„(a').K(^)' •••' Ki«)'\ 



dx. 



Hence we obtain for the derivative S'{x): 
that is, according to (51), 

i 

+/(a'i2/i. •••.i'l' ■■■)-f(^^Vi^ ••■' ?!' ■•■)■ 

* Compare the footnote on p. 473. 
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Hence if we introduce the -E'-function by the definition 

(52) 

-/(a'.2/n •••'i'n •••)-Z(yi--Pi)^n+«(a''yi'---'i'i'---'/^i'---)' 

i 

we obtain Weierstrass' Theorem : 

(5^) " y[(x) ...; ^L^[x,y,{x),..-],-..}dx, 

in which the functions i?^ , /tt^ are defined by (50). 

§ 6. Kneser's Problem generalized. 

In the preceding section Weierstrass' theorem has been proved for the 
special case of an n-parametric set of extremals passing through a fixed point; 
in this and the following sections, we propose to extend the theorem to a more 
general class of w-parametric sets. The method which we shall use will be 
entirely analogous to the method by which Kneser * has accomplished the same 
result for the simplest case w = 1 , r = . 

Accordingly, let 

(54) y.= r^{x,a^,---,aj, v^= V,{x, a^, ■■ ■ , a^), 

be any w-parametric set of solutions of the differential equations (II), containing 
the special solution 

(20) y. = y.{x), v.^V^{x), 

say for a. = a" , and furnishing a field f S^ of extremals about the particular 
extremal ©,,. The inverse functions of the field will be denoted by 

so that identically 

(56) r.{x; a„ ■■■,aj = y,. 

Across the field Sj. we draw an w-dimensional surface which meets every extre- 



* Compare the Introduction. 

t We include in this assumption the condition that the functions Yt, 5 Yi/dx shall be of class 

C in a certain domain 

a:„ — (5<2;<a:i + (S, |ai — a°|<(5. 

The field S* consists of all points x, y^, ■••, yn furnished by the equations 
(55) yi= Yi{x; Oi, ■ ■■, a„), 

when X, Oi, ■ ■■ , an are restricted to the domain 

X(| — fc<a;<a;i + A;, |aj — a"|<fc. 
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mal of the field in one and but one point ; such a surface may be represented, in 
parameter-representation, in the form 

(57) a;=^(aj, •••, aj, y.^ r.{^; a^, ■ •■ , aj. 

Then we consider our integral J taken along the extremal ® : aSj , • • • , a ^ of the 
set (55) from its point of intersection with the surface (57), i. e., from the point 
T"* whose abscissa is ^(aj, • • • , a J, to the point f whose abscissa is a;, i. e., 
the integral 

(58) D'{x; «j,..., a^)= | /(a;, r",, ■ • . , Y[,---)dx. 

J|(ai, . . . , a„) 

The same integral, considered as a function of the coordinates x, j/j, • • • , 2/,, of 
the end point JP will be denoted by W{x, y^, ■ • ■ , y^), so that 

(59) W{x,y^, ■■■,yj= U{x; ttj, •••,aj. 

We call the surface (57) the " surface of reference " for the definition of the 
function W. 

And now we propose so to choose the surface (57) i. e., the function 
^ ( Wp • • • , a^ ) , that the partial derivatives of the function W shall have the 
same simple form as in the previous case of a set of extremals through a fixed 
2)oint, viz., 

aTF(a;,y , ,...,y,.) y ... y V ■.■ V) 

(60) 

dW{x,y^, ■■■,yj ^ 

where 



^*= "^iC^J; tti, •••, aj. 



As soon as this is accomplished Weierstkass' theorem for the set (55) will 
follow immediately. 

From the connection between the functions W{x, y^, ••-, 2/„) ^^nd 
U{x; (Xj, •••,a^) it follows that the partial derivatives of W will take the 
above form if and only if the partial derivatives of U have the values 

(61) |f=/(.,r„...,i^;,...), |f=i:F;.|{, 

corresponding to (35) and (39). 

The expression for dU/dx has always the desired form, however we may 
choose ^; it remains, therefore, so to determine the function ^{a^, • • -, a^) that 
(61^) shall hold. 

We start from the remark, which is easily verified, that every w-parametric 
set of solutions of the system (II), which furnishes a field of extremals about our 
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extremal (S,, can be thrown by a parameter-transformation, into the canonical 
form 

,.„, y<=?)i(«; a\a^, ••■,«„; A, •••,^„), 

(OZ) 

v.= %{x; a\ a,, ••■, a„; B^, •••, BJ, 

where B^, ■ ■ , B^ are functions of a^, ■ ■ ■, a^oi class C" in a certain vicinity 
of a, = aj , ■ • . , a^ = a° , satisfying the initial conditions 

(63) 5,«,...,<) = 6«; 

the quantities a", «J , •••,«" have the same signification as in § 3 , and a^, • ■ ■, a^ 
are considered as the parameters of the set. 

We may, without loss of generality, suppose that the parameters a^, •■ •, a^ 
of the set (54) are these canonical parameters, so that 

/^^x ^■('"' ^1' ■••' "»)= ^i(^' ^'' '^i' ■•■' "'•' ^1' ■■■' ^»)' 

(64) 

V^{x; cfj, •• •, aj = aS.(a; a", a,, •• •, «„; 5p •••, 5J, 

whence it follows that 

r.(a»; a,, •.■,a„)=a., 7;.(a''; a^, ••-,«„) = 5;. 

The integral U{x; Oj , • ■ • , a^ ) may therefore be expressed in terms of the func- 
tion U defined by (34), viz : 

U{x; a,, ■••, aJ = U(a5; a", a^, •••; B^, ■■■)— U(|; a°, a,, ■••; J5j, ■••). 

Hence we obtain 



djj 

da,. 



( dU{x) \ ^ ( d\i{x) \dB. _8Xl{^) 



where the bracket ( ) indicates the substitution of B^ for b^ and of a" for a. 
Substituting the values of dU/daj^, dU/db^ from (38) and (39), and noticing 
that according to (64) 

■we obtain 

In order that dU/dOj^ may have the desired form (61^), it is therefore necessary 
and sufficient that 

Hence we infer in the first place : The desired determination of the func- 
tion ^ ( ctj , • • • , a^ ) is, for M > 1 , not possible for all n-parametric sets of ex- 
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tremals, hut only for those special sets for which in the normal form (62) the 
functions B^, • • • , B^ are the partial derivatives with respect to aj , • • • , a^ 
respectively of one and the same function of a, , • • • , a^^, for which therefore 
the functions B^ satisfy the integrability condition 

We shall call these special 7i-parametric sets of extremals Mayerian sets of 
extremals, because they are identical with the sets discovered by Mayer,* 
which have the peculiarity of furnishing solutions of Hilbert's Problem. 

We suppose in the sequel that for our set (54) the condition (67) is fulfilled, 
so that 
^68) ^^^a^(a,,. ..,«„) 



where ^(a, , • • •, af) is any function of ttj, • • •, a^, of class C" in the vicinity 
of a'j, • • •, a", which satisfies according to (63) the initial condition 



«.=«<_ j„_ 



Our condition (66) takes then the form 

/ DA dA\ 

(70) U(^|; «»,«!, -..,«„; ^, •••i ^j ^(«i> •••,aj + c, 

c being a numerical constant independent oi a^, • • ■, a^. 
For the discussion of this equation we write for brevity 

/ BA dA\ 

Ulx; a\ ttj, ••., a„; ^, •••, ^— j + A{a^, ■••, aj = G{x; a^, •■• 

and add to our previous assumptions f A) to Z)) the further assumption 
B) f[x,y^(x), ■■■; y[{x), ■■■] +0 in (x^^x^). 

Under this assumption we consider the problem of solving the equation 

(71) G{x; flj, ..-, aj = u 
with respect to x. 



a ) 



*See Maykb II, §§ 2, 3 ; compare also below, | 8, end. From the fact that for the special 
sets of extremals throujjh a fixed point the partial derivatives of the field integral have the simple 
form (49), it follows that these special sets, when properly normalized, satisfy the condition 
(67). Compare Maybe's remarks on this point, Mayer, II, p. 63. 

t See pp. 468 and 474. 
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Since according to (69), (64), and (28) 

r,{x; a»,-..,<)sy.(a3), 
it follows from JS) that 

dG(x; a^, ■•-, a„ ) 



for 



dx 



a. = a? , 



and therefore 

G{x'; aJ,.-.,<) + G^(a;"; <,...,<), 

if x', x" are any two distinct values of x in the interval (x^x^). Hence on 
applying * lemma I of § 1 to the system of equations 

M= G^(a;; Op •••, a„), u.r=z a., 

we obtain the result that the equation (71) admits a unique solution 

(72) a3 = |(aj, •••,«„; u) 

in the following sense : The positive quantity Tc can be taken so small that if 
cc', a[, • • •, a^ is any point in the domain 

x^ — k<.x<,x^-irh, |a,. — o"j<^, 

and G^od; a[, ■ ■■, a'^) = u\ then the equation 

0{x; a[, •■■, al) = u' 

has no other solution than a? = x' = f ( aj , • • • , a^ ; u), satisfying the condition 

Xg — k<:.x<ix^ + k. 

Further, if (x^ and G^ denote the minimum and maximum of the function 
G{x; aj, •••, a") in the interval (x^x^), it follows from the corollary to 
lemma I that a second positive quantity I S k can be determined so that for 
every a, , • • • , a^ ; m in the domain 

(73) G,-l<u<G, + l, \a,-a^\<l, 
equation (71) has one and but one solution 

« = !(«!, ■■■,%; u) 

for which x^ — k<x<.x^ + k. Moreover the equation 

(74) <y[l(a,, ••-,«„; «),«!, •■•,aJ = M 



* To the point set C of the lemma corresponds here the set 



»o = *Sar,, oi—a^- 
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holds identically in the domain (T3), and the function |(a^, • • •, a^; m) is of 
class C" in the same domain. 

Hence follows the result: If the functions, B^ satisfy the condition (67), our 
problem has an infinitude of solutions, viz., 

^ = l(«n ■■■, «„; c), 

differing from each other hy the value of the constant c. The latter may 
take any value between G^ — l and G^-\- 1. If we take |( oSj , • • • , a ^ ; c ) as 
lower limit in the definition of the function U{x; a^, • • • , a^), the partial 
derivatives of ?7have the desired values (61). The functions U corresponding 
to two different values c' and c" of the constant c can therefore differ only by 
an additive constant independent oi x,. a^, • ■ •, a^, 2k result which can immedi- 
ately be verified directly, since, according to (74), 



/* 



JyX, j^j , • • • i J^ i^ ■ ■ ■ )Clx 
/J(ffll, ..., a„; C) 

= G[^{a^, ■■■, aj c"); a^, ■■■, aj 

-<?[^(«n •••, a„; C); a^, ■ ■ ■ , a^] = c" — c. 

§ 7 Kneser's theorem on transversals generalized. 

Passing now from the consideration of the function U{x, a^, ■ • •, a^) to the 
function W(y x, y^, • • • , y^), we write for brevity 

(76) ^^[^{a^, ■■■, a^; u); a^, ■ ■ -, a^] = r}.{a^, ■■ ■, aj u). 
The equations 

(77) a; = |(a,, •••, aj c), ?/. = »/;(«,,•••, a,; c) 

represent then, in parameter-representation, an 7i-dimensional surface %^ in the 
(n + l)-dimensional space of the variables x, y^, ■ ■ ■ , y^^. It lies entirely in the 
field S,. if flip • • • , a^^ are restricted to the domain : | a^ — a'! | < Z ; giving c differ- 
ent constant values we obtain a one-parameter set of surfaces, and from what has 
been said about the solution of the equation (71), it follows that through every 
point of the field S^ passes one and but one surface of the set. 

We shall call these surfaces the " transversal surfaces " of the field S^. 
formed by the set of extremals 

(55) 3/,-= ^i(a'; ^'i' •••' «„)» 

because they are the generalization of Kneser's " transversals." If we take the 
integral W{x, y^i ■ ■ -i y^) from the point of intersection of the extremal passing 
through the point (^x, y^, ■ ■ ■, y^) with a fixed transversal surface of reference. 
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the partial derivatives of W have the desired form (60). If we change the 
transversal surface of reference, the function W( x,y^, • ■ •, y^) changes only 
by an additive constant ; the function W{x, y^, • • •, y^) is therefore determined 
up to an additive constant by the set of extremals (55) forming the field ; we 
shall call it the field-integral. 

Exactly as in § 5, the expressions (60) for the partial derivatives of the 
■field integral may he thrown into the form 

-^=/(a3>2/i. ••■; Px^ •■■)-2^Pi^n+i{^^yi^ •••; Px^ •••; /^^ ■••)' 

(79) 

dW 

■a^ = ^»+*(^'2/i' •••; i'l' •••; /^i'---)' 

the functions p^ , fi^ being defined by the equations 

fi^ix,y„ ■■.,yJ=:A^{x; a„ •••,aj, 

where in accordance with (64) 

Ap(a;, «!, •••, aj = 2^{x; a", aj, ••-, a^; B^, •••, Bj. 

The equation (75) interpreted for the function W{x, y^, ■ •-, y„) contains the 
extension of JTneser's fundamental theorem on transversals : 

Two transversal surfaces %^,, X^„ of the same field, formed hy a Mayer ian 
set of extremals, intercept on the extremals of the field arcs along which the 
integral J has a constant value, viz., c" — c . 

Conversely: If the surface of reference for the integral W{x, y^, • ••y^)\s 
the transversal surface %^ , then the points of the field for which 

W{x,y^, ■■■, yj = c" — c 

lie on the transversal surface %^,. 

Hence the transversal surfaces (77) are identical with the surfaces 

W{x, y,, .•■,y„) = const. 

To complete the analogy with the case w = 1 , r = , it remains to show that 
the transversal surfaces can also be characterized by differential equations which 
are the analogue of Kneseb's condition of transversality. Differentiating the 
identity (74) with respect to a^. and utilizing the results obtained in deriving 
(65), we get * 



dx ^ „dr, 



(80) f{x,r„-..,r[,...)^ + j:v, 



x=l 



= 0. 



*The substitution symbol \^=i refers to tbe whole left-hand side of equation (80). 
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Conversely, if | is a function of a^, ■ • ■ , a^ satisfying the n partial differential 
equations (80), then 

G(^l «!, ••-, a^) = const., 

i. e., independent of aj, • • • , a^. 

Hence the transversal surfaces may also be characterized by the n partial 
differential equations (80) for the function ^ ; these differential equations are 
compatible in consequence of the relation (67). 

If we introduce the functions rj. defined by (T6), we have 



Y 1- 



and (80) may be written 

(81) [/(x, r-„. ..,!-:,. ..)-i:^:f;] 



da,; 



"-^^ dr). 

Sa,. 



+ E^. 



'idi 



'=0. 



On account of (24J, (29) and (32), the same equation may also be thrown 
into one of the following two forms 



(81J 



(81.) 






da,. + 4- ' 



-id 



'^i 



{ii-j:r:ii„.,,) 



da. 



+ Z"»+i 



x=^ Q 



Vi 



da,. 



da,. 



= 0, 



0, 



the arguments of 12 , Xi„_,.; being x, F^^, ■ • • , I^[ , ■ • • , Aj , ■ • • . 

Condition (81), in any one of its three equivalent forms, is the analogue of 
JTneser's condition of transversality ; for, in the simplest case n = 1 , ?• = , 
the n equations (81^) reduce to the one equation 



\_f{x,F.r')-yf^{x,r,Y')-] 

which is the well-known condition of transversality, 



^^+/,(x,r,F') 



da 



= 0, 



§8. Weierstrass' theorem for a Mayer ian set of extremals. 

The fundamental formulas (78) being once established, Weierstrass' theorem 
follows immediately by Kneser's m.odification of Weierstrass^ construction.* 

For, let Xq be the transversal surface through the end-point P^ of the ex- 
tremal ©ij, and %' a second transversal surface of the field which meets the con- 
tinuation of 6„ at a point _P^ whose abscissa is less than x^ . From an arbitrary 
point P^ of Xd we draw to the second end-point Pj of ©^ any curve 

*See Kneser, LeJirbuch, §20, and Bolza, Lectures, §37, a). 
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of class C, lying wholly* in the field S^ and satisfying the differential equations 

/p(a''yi(»')' ■■■^y[{^)^ ■••) = o. 




Through an arbitrary point P{x, y^, ■ •■, y^) oi 6 passes a unique extremal @ 
of the field, which meets the transversal surface 'iS^' at one and but one point P'. 
We consider then the function 

S{x) = J,{F'F) + J^{FP,). 
Since according to the generalized theorem on transversals, 

(see figure), it follows exactly as in the case n = 1 , r = , that 

^J^ j~,{p,p,)- J,XP.P.) = r S'{^)^^- 

But 

J-,(P'P) = TF[x,l/,(a,),...,^,.(cc)], 

if %' is used as surface of reference for W\ and since the expressions for the 
partial derivatives of W are the same as in the special case of a set of extremals 
through a fixed point, also the computation of /S"(x) is the same as in § 5 and 
need therefore not be repeated here. We thus obtain Weierstrass' theorem 
in the following form : 
Let 



2/.= Y^{x; a^, ■ 


••'«J = Di(a'; «".«i. •• 


dA 


aj^\ 


\ = -^p(^l «i' • 


• ■'«.) = Spf^; «% «i' • 


dA 


dA\ 



* Notice that the field Sj is a continuum, as follows from lemma I in 1 1. 



1906] AND KNESEE'S theorem ON TRANSVERSALS 487 

he a Mayerian n-parametric set of solutions of Euler-Lagrange's differen- 
tial equations (I) furnishing a field of extremals, S^ , about the particular 
extremal G,,. Let further 

a, = at{x,y^, ••■,2/„) 

denote the inverse functions of the field and define 

I^M'<yi^ •••'.y„) = Ap(x; a,, •■•,aj. 

Under these circumstances, ifX^ is the transversal surface of the field passing 
through the end 2)oint P^ of the extremal G,, , P^ any point of 2^,, and 

any curve of class C\ passing through the point P^ and the second end-point 
P^ of (^^, which lies wholly in the field S^. aJid satisfies the partial differential 
equations 

the total variation 

Aj=MP,p^)-j,SP,P,) 

is expressible by the definite integral 

LJ= I P:{x, y^x), • • • ; p, [x, ~y^ (a;), •••],•••; y[{x), • • • ; Mi [«, y{^), ■■■'],•■ ■}dx, 

where the E-function is defined by the equation 

E{x,y^, ■■■; p^, ■■■■, ~y[, ■■■; 11^, ...)=/( a?, y^, ■■■; y[, ■■■) 

-/(a;^ 2/n •••; Pi, ■■•)-X'i.y'i—Pi)^n+i{^^ 2/i, •••; />i' •••; /"u •••)• 

From the fundamental formulas (78) follows also immediately the extension 
of Beltrami-Hilberi' s independence theorem as given by Mayer : * 

IfPii f^f, are the functions of x, y^, • • •, 2/„ defined by (79), then the expres- 
sion 



T = f{x,y^, •••; Px'> •••)+ Z (^^f-i'ij "„+;(«'' 2/n •••; Pi^ ' ' ' ' Mn 



•) 



is a complete derivative with respect to x, for arbitrary functions y^, ■ ■ • i y^ 
of X, and at the same time 

/p(a''2/i' •••; P,^ ■■■) = ^, 
identically in x, y^, ■ ■ -, y^. 

* Compare Mayee II, § 3. 



488 O. BOLZA : EXTENSION OF WEIERSTEASS' THEOREM 

For, according to (78) 

whatever functions of x may be substituted for y^, • ■ •, ?/„, and (82) is obtained 
from 

//x, r;,...; r;,...) = o 

by substituting a,- for a^. 

Hence it follows that the value of Hilbert's invariant integral generalized,* 
i. e., the integral 

J^= j Tdx , 

taken along any admissible curve 6 lying wholly in the field S^,, is independent 
of the path of integration and depends only on the position of the end-points, 
since 

Jl = W{a", h[\ . . ., b':) - W{a\ b[,..., &:), 

if a', 6,, • • -, bl and a", b[', • • •, b'J respectively are the coordinates of the first 
and second end-point of 6. 

On applying this result first to the curve 6 and then to the curve ®„, we obtain 

Jl= Tr(a;,,2/„, ...,2/„,)- W{x^, y^^, •••,2/„„). 

But since the points P^ and P^ lie on the same transversal surface X^, we have 
according to § 7 

W{x^,y^„---,y^,)=W(x^,y^„---,y^^), 
and therefore 

T* — T* 

On the other hand it follows from (79) that 

p,ix,r„...,r) = r 

and therefore in particular for a.= a"., 

Hence 

and therefore 

which is again Weiekstrass' theorem in the form given above. 

Fbkibueg I. B., 
April 27, 1906. 

* Compare Maykk II, p. 66. 



